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1. Introduction

Motivation: Understanding dependencies is a central problem in the analysis of multi-
variate financial time series. These dependencies are traditionally described using co-
variance matrices. However, a more general approach is to use copulas. Copulas are
general models for dependence.

Problem: The use of copulas is inaccurate when the actual dependencies in the data are
strongly influenced by other covariates. For example, dependencies can vary with time or
be affected by observations of other time series.

Solution: A probabilistic framework to estimate semi-parametric conditional copulas.
We assume parametric copulas whose parameters are specified by unknown non-linear
functions of arbitrary conditioning variables. The latent functions are approximated using
Gaussian processes and expectation propagation for fast approximate inference.

2. Separating Marginals and Dependence

Sklar’s Theorem: any joint distribution can be written in terms of its copula and its uni-
variate marginals [Sklar, 1959]. The joint density is

p(x1, x2) = c(u1, u2)︸ ︷︷ ︸
copula

p1(x1) p2(x2)︸ ︷︷ ︸
marginals

,

where ui := Pi(xi) and Pi denotes the marginal cdf for xi.
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We can use copulas and marginals as building blocks for new multivariate models.

3. Additional Advantages of Copulas
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Copulas easily extend univariate
models to the multivariate regime.

Copulas simplify the estimation of
multivariate models [Joe, 2005].

4. Conditional Copulas

The distribution of x1 and x2 may depend on a covariate vector z. The copula framework
can be extended to conditional distributions [Patton, 2006].
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p(x1, x2|z) = c(u1, u2|z)︸ ︷︷ ︸
conditional

copula

p1(x1|z) p2(x2|z)︸ ︷︷ ︸
conditional
marginals

,

where ui := Pi(xi|z) and Pi denotes the
marginal cdf for xi given z.

5. Semiparametric Conditional Copulas and GPs

Main Assumption: c(u1, u2|z) is a parametric copula model cpar[u1, u2|θ1(z), . . . , θk(z)]
specified by k scalar parameters θ1, . . . , θk that are functions of z. We select θi(z) =
σi[fi(z)], where fi is a real function and σi is a link function that maps R to a set Θi of
valid configurations for θi.
Example: conditional Student’s t copula. cstudent[u1, u2|ρ(z), ν(z)], ρ(z) = σρ[fρ(z)],
ν(z) = σν[fν(z)], σρ(x) = 2Φ(x)− 1, σν(x) = exp(x), where Φ is the probit function.
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6. Parametric Copula Models

Gaussian Copula
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7. Expectation Propagation for Approximate Inference

where fj = (fj1, . . . , fjk)T. We run EP with sparse GPs [Naish-Guzman et al. 2008].

8. Results on Foreign Exchange Time Series

0
20

40
60

80
10

0
12

0
14

0

EUR−CHF GPCC-T,

Oct 06 Mar 07 Aug 07 Jan 08 Jun 08 Nov 08 Apr 09 Oct 09 Mar 10 Aug 10

Mean GPCC−T

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

1.
0

EUR−CHF GPCC-T,

Oct 06 Mar 07 Aug 07 Jan 08 Jun 08 Nov 08 Apr 09 Oct 09 Mar 10 Aug 10

Mean GPCC−T

0.
2

0.
4

0.
6

0.
8

1.
0

1.
2

EUR−CHF GPCC-SJC,

Oct 06 Mar 07 Aug 07 Jan 08 Jun 08 Nov 08 Apr 09 Oct 09 Mar 10 Aug 10

Mean GPCC-SJC
Mean GPCC-SJC

9. Results on Equity Exchange Time Series
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